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1. Introduction 

During recent years N = 2 superconformal field theories liave attained much interest 
due to their role as vacua of the heterotic string theory. These classical solutions are 
of phenomenological interest since they lead to = 1 spacetime supersymmetry in the 
effective field theory.^ 

Apart from the phenomenological reason of wanting to close the gap between the 
low-energy theory of the Standard Model as we know it today and a string theory at the 
Planck Scale, there is a more fundamental aspect. Ultimately one would like to know how 
the vacuum degeneracy is broken and why the particular vacuum that corresponds to our 
universe is chosen. Although we know very little about these non-perturbative effects the 
hope is that we will find certain properties of our perturbative treatment of string theory 
which will prevail into the non-perturbative regime. Mirror symmetry i is believed to be 
one such feature. Being in a certain sense a generalization of duality transformations 
in the sigma model language mirror symmetry relates topologically distinct target spaces, 
so called mirror pairs, in such a way that the underlying physics is the same. To be more 
precise, at the level of the (2, 2) superconformal field theory the relative sign of the left 
t/(l)-symmetry in the N = 2 algebra is ambiguous and the two different choices lead to 
isomorphic theories. At the geometrical level the effect of interchanging the (c, c) ring and 
(a, c) ring is to swap the elements of H'^'^{Ai) and H^'^(yV). We have here made the choice 
of identifying the (c, c) ((a, c)) ring of marginal operators of charge (1,1) ((—1,1)) with 
the cohomology class of complex structure deformations and Kahler class deformations 
respectively. One effect of the mirror operation is to interchange the spectrum, i.e. the 
sign of the Euler number is flipped. 

In trying to understand mirror symmetry we immediately encounter the problem of 
given a (2, 2) model, how does one construct the mirror model? Although it is natural 
to expect such a symmetry based on the observation that there exists two isomorphic 
conformal field theories related by a change of sign of the f/(l)-symmetry, to explicitly 

^ It is enough to require (0, 2) worldsheet superconformal invariance and in fact these models 
may be of even greater importance since the gauge group is closer to the Standard Model than 
is the case for the (2, 2) vacua. However, in this article we will restrict ourselves to the left-right 
symmetric (2,2) models. 

^ For a review see 

^ Recall that duality equates string theory on a circle of radius R with another theory on a 
circle of radius a' /R 
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construct a mirror pair is far from trivial. In fact, to this date, only the original method 
by Greene and Plesser is such that we know that pair of theories indeed are each other's 
mirror manifolds^. There the models are made up of tensor products of = 2 minimal 
models, among which are c = 9 theories which have been shown to be consistent string 
vacua and some of them have, in a certain sense, a geometrical interpretation; roughly 
speaking they are the "small radius" limit of Calabi-Yau manifolds. 

However, there do exist conjectured constructions which go beyond the class of models 
considered in [Q; conjectured because there does not yet exist a proof at the level of the 
conformal field that they give true mirror pairs. These are the techniques which will be 
reviewed in this article. Although the constructions to be discussed apply to what one 
naively may think of as rather different realizations of = 2 models, when put in the 
context of the N = 2 phases picture of Witten 0] or that of the enlarged Kahler moduli 
space, by Aspinwall, Greene and Morrison 0, they do in fact apply for the same model 
but in different regions of the moduli space.li 

The transposition scheme , grew out of the attempts of understanding mirror sym- 
metry away from the specially symmetric Fermat points [^^. It is most naturally thought 
of in the language of = 2 Landau- Ginzburg orbifolds [0, using the concepts of quantum 
and geometric symmetries at the Gepner point, to which it is assumed that the Landau- 
Ginzburg orbifold will flow in the IR-limit. In most of our discussion we will restrict 
ourselves to models relevant from a string compactification point of view, i. e. one in which 
the internal theory is made to consist of a c = 9 (2, 2) superconformal field theory. How- 
ever, using the transposition technique mirror pairs can be constructed for arbitrary central 



charge [10 



However, there does not necessarily exist a Landau-Ginzburg orbifold phase in every 
enlarged moduli space. Instead we consider mirror families of hypersurfaces in toric va- 
rieties which are studied by means of the Newton polyhedron (and its polar [|lll), ^ In 
addition, a related construction for complete intersections in toric varieties [1T2|JT^] is re- 
viewed. Rather than associating a particular point in the moduli space of a model with its 



^ For a review of the construction of Q see the paper by Greene and Plesser in this volume. 

^ By enlarged we mean the Kahler moduli space with all its different phases, including the 
Calabi-Yau phase, the Landau-Ginzburg orbifold phase and others [Q,^. 

^ For a rather large class of the geometric constructions transposition can be straightforwardly 
carried out in the large radius limit counterpart of the Landau-Ginzburg orbifold phase to which 
it was originally applied. 
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counterpart in the moduli space of the mirror, the toric method naturaUy gives aU of the 
moduh space, or at least the part which can be analyzed by toric methods. In comparing 
the two techniques we will however restrict ourselves to those parts of the moduli space in 
which transposition is valid. 

The outline of the paper is as follows. In section 2 we review the transposition method 
while the toric method is described in section 3 including a number of examples illuminating 
the correspondence between the two approaches. Finally, we discuss some open questions 
in section 4. 



2. N = 2 Landau- Ginzburg models 

2. 1 . General framework 

Although mirror symmetry has only been proven for the N = 2 minimal models (and 
tensor products or quotients thereof), in terms of trying to generalize the results of 
we are much better off by stating the problem in terms of the N — 2 Landau- Ginzburg 
formalism. Consider the usual action 

(fz(fe(feK{x,, Xi) + {J (fz(few{x,) + c.c). (2.1) 

where K is the Kahler potential and W , the superpotential, is a holomorphic function 
of the N = 2 chiral superfields Xi{z, z,9~^ ,9~). Due to nonrenormalization theorems 
W is not renormalized (up to scaling) and hence will characterize the theory (modulo 
irrelevant perturbations coming from the Kahler potential P]). Let be a polynomial in 
the superfields Xi , z = 1, . . . , n. We require that W is quasi-homogeneous of degree d, i.e. 
under rescaling of the world-sheet 

Xi ^ X'^^Xi , W{x,) ^ X'^W{x,) . (2.2) 

To compute the central charge is straightforward p , c = GJ27=i(^ ~ 1i) "^i^h qi = ki/d 
the charge under the U{1) - current, Jq. In the case of W = x^"*"^, c = 3k/{k + 2) and 
so unless the theory has a trivial fixed point, it must be equivalent, in the IR limit, to 
the iV ^ 2 .i„i.al .odel with diagonal invariant at level ..i Of cou.e. the conjectured 



^ This identification, originally suggested in ||9|,|T^ has recently been further strengthened by 



comparison of the ehiptic genus for the two theories respectively |15,16|. 
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equivalence extends to tensor products of all minimal models, including the non-diagonal 
and the exceptional series, as well as quotients thereof. 

In the case that c = c/3 G Z and the number of superfields is c + 2, there is a 
natural way to associate a sigma model interpretation where the target space is a Calabi- 
Yau manifold; the Landau- Ginzburg orbifold and the Calabi-Yau manifold correspond to 
two different "phases" in the language of [^^. Roughly speaking, the Calabi-Yau phase 
is at large radius, where the manifold picture is a good approximation of the conformal 
field theory while the Landau-Ginzburg phase is at small radius. In terms of constructing 
honest mirror pairs as equivalent conformal field theories it is of course important to 
distinguish between the different parts of the moduli space. However, at our current level 
of understanding of the techniques to be presented below, we only use the knowledge of 
the superpotential (or the defining polynomial) and the quantum/geometric symmetries.! 
Thus, in most of the following discussion we will not distinguish between the geometric 
and the Landau-Ginzburg approach. 

A natural question to ask is whether mirror symmetry generalizes away from the 



N = 2 minimal models. Based on the original observations [p!7| , p^ the answer seems to be 
yes. This is further supported by a classification of = 2 Landau-Ginzburg orbifolds (or 
Calabi-Yau hypersurfaces in weighted projective space) [|18|,|1^,|0|,^ where it was found 



that the spectrum is to a very high degree symmetric under interchange of and 62,15 the 
number of (—1, 1) and (1, 1) states (or (1, 1) and (2, 1) forms) respectively. Further evidence 
is given by comparison between predictions of Yukawa couplings in the Kahler moduli 
space computed using mirror symmetry and known geometric results on the intersection 
numbers and the number of rational curves fBirai2lME6|,|27|Ml29|,|30,Rll,|33^ 



Two questions immediately arise: 1) how do we construct a (potential) mirror paira, and 
2) how do we prove, at the level of conformal field theory, that the two models indeed 
correspond to the same physical theory. In what follows we will mostly be concerned with 
1) and will have very little to say about the second point. 

Let us return to the N = 2 minimal models and see what general features we can 



The geometric symmetries consist of all the symmetries of the superpotential modulo the 
permutation symmetries which are considered separately, while the quantum symmetries act non- 
trivially on the twisted sectors of the Landau-Ginzburg orbifold. 

^ For {A4, W) to qualify as a potential mirror pair, we demand not only that 61,1 and 62,1 are 
interchanged but also that the quantum and geometric symmetries get swapped between A4 and 
W. We will not assume that the two conformal field theories are the same. 
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extract, something which will hold even away from these special models. 

First we have to require that the spectrum is interchanged, a necessary but not suf- 



ficient condition. Following it is straightforward to compute the number of (±1,1) 
states for any Landau-Ginzburg orbifold. Although slightly more tedious a similar com- 
putation can be done for the corresponding Calabi-Yau when there exists such a phase 
in the moduli space. Although not a topological invariant, the number of massless mat- 
ter Eq gauge singlets can also in principle be calculated in the Landau-Ginzburg orbifold 



phase |]3^. This provides a further check of the proposed constructions. However, in what 
follows we will not make use of this information, in particular because to date this num- 
ber is known only for the minimal models for which there already exists a proven mirror 
symmetry construction. 

Second, recall that one of the crucial points in the construction of mirror pairs for 
(tensor products) of minimal models is that a quotient by the full geometric symmetry, 
2fc+2 for an model, gives back the original theory0. The resulting theory does not 
have any geometric symmetry left while its quantum symmetry is 2fc_|_2, i.e. for a 
mirror pair 7W , W we require that 

Qm — G'w 5 (2.3a) 

Gm = Qw ■ (2.36) 

where Gm (Gyy;) and Qm (Qw) are the geometric and quantum symmetries of Ai (W) 
respectively. Thus, between the original model and its maximal quotient we observe that 
the quantum and geometric symmetries have been interchanged. Although we will not be 
able to compute the complete partition function and in that way determine whether the 
two models form a mirror pair, the above symmetry argument is an important guideline 
when trying to construct mirror pairs. In fact by studying the (c, c) ((a, c)) rings of the 
two models respectively it is rather straightforward to check that the (c, c) ring structure 
for Ai is the same as the (a, c) one for the mirror model W and vice versa (up to an overall 
normalization constant) . 

2.2. Fractional transformations 

A first step in the direction of extending the original mirror construction is to consider 



This follows from the fact that the minimal models can be expressed in terms of a 2fe 
parafermion and a free boson, where the parafermionic theory is equivalent to a quotient of 
itself [01. 
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marginal deformations away from the minimal models. In terms of the Landau- Ginzburg 
orbifold representation this implies studying deformations away from Fermat superpoten- 
tials Although the scaling (quantum) symmetry has not changed since the U{1) charges 
stay fixed the geometric symmetry does change with the choice of superpotential. The idea 
is then to construct the mirror model along the lines described above, i.e. require that ( p.3| ) 
are fulfilled and that the spectrum is flipped. To be more precise one first deforms the 
theory to the original symmetric, Fermat point Ai' . Now, we know that the mirror of 
W is obtained as an appropriate quotient of M.'. However, because of the different 
geometric symmetries that Ai and Ai' are equipped with W" cannot be the mirror of A4. 
But by explicitly performing the quotient as a fractional transformation one can indeed 
obtain the correct mirror W. 



Following g let us illustrate these ideas by considering the model M.' = p' /j 
where, 

p' = xl + xl+xj + xl + xj . (2.4) 

and j = (Zg : 1,1,2,2,2) is the usual generalized GSO-projection. Its mirror W' is 
obtained in the usual fashion by constructing the quotient of p' with respect to (^4)"^. 
Rather than doing that we perform a fractional transformation, 

/ N / 3/4 1/4 3/4 1/4 3/4 1/4n p-x 

{Xi,X2,X3,X4,X5) ^ [yi ,2/2,?/32/4 ^Va ^Vb Vl (2-5) 



The first point is that ( |2.5| ) is not one-to-one unless we perform a (^4)'^ identification on 
the Xi and at the same time a 'S.21Q identification on the Ui. Secondly, the new model 
constructed from p'{xi) after the change of coordinates, W" = p" /j" with 

p" = yt + yl + ytvi + yh^ + yhi , (2.6) 

and i" = (^216 : 36,27,41,52,60) is not the mirror of p'; the quantum and geometric 
symmetries are not interchanged. Rather there exists a deformation of p' for which ( |2.3| ) 
are fulfilled, 

p = xfxs + X2 + x^ + x^xs + xlx4 . (2.7) 

The construction can be repeated for a number of other special symmetric points in the 
complex structure moduli space, and of course for all models which have a Fermat point H. 



We use the notation (2^ : Gi, 02, 03, 04, 05) for a 2^ symmetry with the action 
(yi,y2,y3,y4,y5) ^ (a®'yi, • • • ,a®'^y5), where a'' = 1. 
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We now make the following crucial observation; (|2.7| ) and ( p.6|) look very much the 
same. This is due to the constraint coming from the quantum/geometric symmetries. 
In fact, the only difference is the way we have coupled the terms together, i.e. which Xi 
appears with which Xj. Since the models as written have very little to do with the Fermat 
ones may guess that in fact there may be a way of constructing mirror pairs for more 
general theories. It is to that we turn next. 



2. 3. Transposition 



Although very simple in their structure, as one may suspect most Landau- Ginzburg con- 
figurations do not admit a Fermat superpotential ||T8| , |20[] . By this we mean the following. 
For a given set of fields Xi with t/(l)-charges qi = ki/d where ki are the weights and d is 
the degree of the superpotential there does not exist a point in the moduli space associated 
to deformations by (1, 1) operators, i.e. deformations of the superpotential, such that the 
theory can be represented by a Fermat type superpotential. 

The next simplest kind of potentials are of the following form [p| , p!^ , pO| , 



PT = + + . . . + Xn-lX'^" 

PL = x"^X2 + X2^X3 + . . . -f 



(2.8a) 
(2.86) 



denoted tadpole and loop, respectively. The phase symmetry groups of the two potentials 



are Gt ^ 2ai - a„ and Gl 



i---a„ + (-l)'- 



-1 Note in particular that both pt and pl 



reduce to the Fermat when n = 1. More complicated models can be constructed out of 
the tadpole and loop building blocks by adding two or more potentials together. 

Given a model Ai = p/H, where we for simplicity take p = pr and where H C G = 
Gt, we want to find its mirror W. The idea is to construct another model W such that 
the roles of the quantum and geometric symmetries are interchanged. First we associate 
to p the matrix of exponents 



A 



ail ... 
as 1 ... 
as ... 

: : : '■■ 1 

Or 



(2.9) 





whose columns are the degree vectors of the respective monomials of p. The new polynomial 
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is then defined such that its corresponding matrix is the transpose of the above one, i. e. 

'ai ... 



• 

L 1 a,„ 

Alternatively, p is obtained by reversing the order of the exponents of p. Note that p, 
denoted the conjugate or transpose potential (see P,p!0[1), is of the same type as p and in 
particular the total phase symmetry is the same@. The second step is then to find an H 
such that ( p.3| ) are fulfilled with W = p/ H . In it was conjectured that this is always 
true, something which was recently proven to be the case |T^ . 

As an example let us consider the following model Ai = p/j, which we will return to 
throughout the paper, where 



1 as ... 
1 as ...0 



[2.10) 



p 



and j = (2io : 1,2,2,2,3). This model has = 3, 62,1 = 75) and (Qm 
^3 X (^s)"^). From (|2.1C1| ) we find that the transposed polynomial is 

= y}%5 + 2/2 + yl + yl + yl ■ 



(2.11) 
2io, Gm = 

(2.12) 



The scaling symmetry of is given by j'^ = {^15 : 1, 3, 3, 3, 5) and hence in order to ful- 
fill ( p73| ) the mirror model is given by W = p^/(i^ x H) where H = (Z5 : 4, 1, 0, 0, 0) x (Z5 : 
4,0, 1,0,0); the number of (±1, 1) states are computed in a straightforward manner [p7| 
and found to be fiipped compared with A4. 

It is clear that ( |2.8|) and combinations thereof do not exhaust the list of possible non- 
degenerate Landau-Ginzburg potentials fl^. However, they are the only polynomials for 
which n terms (for a theory with n fields) is enough to ensure that the origin is the only 
degenerate point. It is obvious that for the transposition scheme to apply one has to have 
an n X n matrix of exponents. Thus, for the non-invertible models, i.e. those which are 
not made up of the building blocks in ( |2.8| ) one will have to discard certain terms in the 
superpotential and so the resulting theory is no longer well-defined. However, we may 
still go ahead and construct the mirror as prescribed above. The question is whether the 
'mirror' theory makes sense and if it actually is the mirror. In the following section we will 
argue that this indeed is the case. 



Note that p" and p in ( |2.6| ) and (2/7) are related by transposition. However, in general p and 
p do not have to belong to a Landau-Ginzburg configuration which admits a Fermat potential. 
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3. The toric approach 

3.1. Toric Generalities 

For the convenience of the reader we quickly summarize the key facts about toric varieties 



which we will make use of. For more details, see [42 



A toric variety X is a complex variety admitting an action of the algebraic torus 
T = (C*)'^, X containing a dense open subset isomorphic to T such that the translation 
action of T on itself extends holomorphically to an action of T on X. 

There are two lattices that arise frequently in the theory of toric varieties: the lattice 
= Hom((D*, T) of one parameter subgroups of T, and the dual lattice M = Hom(T, (D*) 
of characters of T. Conversely, starting with a lattice M abstractly isomorphic to 2'^, we 
can intrinsically describe T as Hom(M, C*) (or in terms of A, we get T = A ® (D*). We 
put Ah = A O IR and Mr = M ®M. 

Toric varieties are commonly described in two ways: by a fan in Ar, or by a polyhe- 
dron in Mr. 

A fan E is a finite collection of rational strongly convex polyhedral cones a C Aj^, 
such that if a G E, then each face of cr is also in E, and finally that if a, a' are in E, then 
a n cr' is a face of each. In other words, each cone is spanned by finitely many edges of 
the form lR>o • Ui with Ui G Aja rational relative to the lattice A; the adjective "strongly" 
implies that cr contains no nonzero linear subspace of A^. Each cone cr G E determines an 
affine toric variety U^, and the Ua glue along their intersections Ucrr\a' to form the toric 
variety Xy.. Let E(l) denote the set of the edges of E. We will often abuse notation by 
denoting an edge by its primitive generator, the unique indivisible element of A which 
spans the edge. Then to each v G E(l) is associated a divisor Dy C X^.. Note that 
in general, E is not determined by E(l); there may be several choices of fans with the 
same set of edges. In the applications we are interested in, this corresponds to making 
a choice of phase of the same physical theory; or equivalently a particular phase of the 
extended moduli space. One such phase will be the usual region in which the non-linear 
sigma model with a Calabi-Yau manifold as the target space exists and another may be 
the corresponding Landau- Ginzburg orbifold part. 

As an example, we quickly review how to describe a product of weighted projective 
spaces as a toric variety using the fan construction. For a single r — 1 dimensional weighted 
projective space IP(^^^ k )^^^ ^ ~ (^i' • • ■ ' ^^^^ r — 1 dimensional lattice 

N = 7ri(JL-k). (3.1) 
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Letting ei, . . . , be the standard basis for 2^, we build up a fan from the edges Vi spanned 
by the images of the Cj in N. The cones in the fan are just the (simphcial) cones spanned by- 
all proper subsets of vi, . . . , v^- The toric variety associated to this fan is y The 
Ua corresponding to the r top dimensional cones are just the affine open sets in IP^^^T^^ ■) 
determined by the condition that the coordinate corresponding to the edge not present in 
a is nonzero. 

In the special case that ki = 1, then there is a natural isomorphism ~ Z^~^ 
determined by projection onto the last r coordinates. In these coordinates, the edges of 
the fan are spanned by 

(-/C2,...,-M,(l,0,...,0),...,(0,...,l). (3.2) 

For a product of weighted projective spaces (and more generally a product of toric vari- 
eties), one forms a new lattice N = Ni x N2 hy taking a product of the lattices for the 
original varieties. (For simplicity we consider here a product of two varieties; the construc- 
tion goes through for a product of any number of spaces.) The set of all cones in E is 
simply the set of all products of a cone in the first fan Ei with a cone in the second fan 
S2. In particular, S(l) is the union (Si(l) x {0}) U ({0} x ^2(1)). Said differently, 

E(l) ^{v,x 0;, 0; X I V, e Ei(l), Wj e E2(l) }. (3.3) 

— * 

Here, the Ofc are the zero vectors in A^/. for A; = 1, 2. 

We turn next to the description of toric varieties via polyhedra. Consider an r di- 
mensional integral polyhedron P C Mr, whose vertices lie in M. One associates to P 
an r dimensional toric variety P(-P). The construction also gives a canonical embedding 
F(P) pl-''l~\ where |P| is the cardinality of PnM, and the coordinates of P''^'""^ are 
identified with the points of P fl M. 

We note that T may be embedded in pl^l~^ via the map defined hj t ^ 
(mi(t), . . . , m|p|(t)), where the nii range over the points of P fl M (the nii are some- 
times called monomials in this context). The toric variety P(P) is in fact the closure 
of this map. We will often think of 1P(P) as a projective variety in this fashion without 
further comment. 

Conversely, consider a rational embedding of a weighted projective space IP^^^^ ) 
into a projective space by the formula yi = mi{x), where mi{x) run over all monomials of 
fixed degree in IP^^"*^ ) (or more generally, of fixed multidegree in a product of weighted 



projective spaces). By restricting to the torus in our description of IP^j^T^^ k ) ^ toric 
variety, the mi{x) restrict to characters on the torus, which we identify as points of 
M. The set of all these lattice points span a polyhedron P, and we can recover a blowup 
of the original weighted projective space together with its embedding as the toric variety 
P(P). 

3.2. Batyrev's construction 

We next review Batyrev's proposed toric construction of mirror pairs Some 
aspects of this construction have been amplified in 



A reflexive polyhedron is an integral polyhedron P containing in its interior, such 
that each facet of P (that is, a codimension 1 face of P) is supported by a hyperplane H 
which can be defined by a linear equation of the form H = {y ^ Mji \ {i^y) = — 1 } for 
some i in A^. Batyrev shows that if P is reflexive, then the general hyperplane section of 
P(P) is Calabi-Yau (possibly with mild singularities, which can be resolved to obtain a 



Calabi-Yau manifold). The polar polyhedron (which in [|TT| is called the dual polyhedron) 
is given by 

P° = {x E Nu\ {x,y) > -1 for aU y E P}, (3.4) 

and is reflexive if and only if P is reflexive. Batyrev proposes that the hyperplane sections 
Ai of P(-P) and VV of P(P°) should form a mirror pair. 

Furthermore, it turns out that P(P°) is also the toric variety associated to the normal 
fan of P (this is the fan whose cones are simply the cones over the faces of P). This 



observation leads immediately to the monomial-divisor mirror map of since certain 
points of M correspond simultaneously to edges of a fan, hence divisors on (a partial 
desingularization of) P(P°) as well as monomials on P(-P). 

Example: Consider Calabi-Yau hypersurfaces (of degree 10) Ai in the weighted projective 
space P^j^ 2 2 2 3)- Note that by taking a particular small radius limit of A4 we obtain the 
Landau- Ginzburg orbifold discussed in section 2.3. The above prescription tells us to 
restrict to our afhne piece by setting the first coordinate equal to 1. This identifies the 
87 monomials of degree 10 with lattice points by just looking at the last 4 exponents. The 
extreme monomials are seen to be 

10 3555222222 /OI'^ 

^ , ju\ju^.j '^2' 3' 47 "^2 5' 3 5' j^/^<Xj^. 



In the case of Fermat hypersurfaces in a weighted projective space this toric construction 
was first noted by Roan ES]. 
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Looking at exponents and dropping the first coordinate, we see that (1,1,1,1) (correspond- 
ing to the monomial X1X2XSX4X5) is an interior point. Translating this point to the origin, 
we see that P is the convex hull of the points 

(-1,-1,-1,-1) (-1,-1,-1,2) (4,-1,-1,-1) 
(-1,4,-1,-1) (-1,-1,4,-1) (1,-1,-1,1) (3.6) 
(-1,1,-1,1) (-1,-1,1,1) 

The polar polytope P° is computed to be the convex hull of the set of points 

(-2,-2,-2,-3) (1,0,0,0) (0,1,0,0) , . 

(0,0,1,0) (0,0,0,1) (-1,-1,-1,-2) ^ • ' 

We see from ( |3.2|) that that P^^^ 2 2 2 3) is a toric variety associated to a fan with edges 

(-2, -2, -2, -3), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1). (3.8) 

Since P(-P) is determined by the normal fan associated to P° , we note as a check that P(-P) 
is birational to P^i,2,2,2,3) (^^^ insertion of the additional edge (—1, —1, —1, —2) effects a 
blowup). Alternatively, we can consider P(P°) as the toric variety associated to a certain 
fan with edges spanned by (|3.6| ). 

We will return to this example later after discussing the toric explanation of the 
transposition rule. 

3. 3. The construction of Batyrev and Borisov 

There is a general proposed construction of mirror pairs for complete intersections 



in certain toric varieties by Borisov [0. This can also be explained in terms of a later 
construction of Batyrev and Borisov [jl^ which allows one to also see the Landau-Ginzburg 
phase of the same theory in case such a phase exists. For this reason, we primarily focus 
on explaining the approach taken in . The analysis of phases is essentially the same as 
described in 

We consider again a reflexive polyhedron P C M-^ and its normal fan E C N-^. Recall 
that the edges Vj G S(l) correspond to divisors Dy. in P(P°), and that the hyperplane 
sections are in the same divisor class as Ylij ■ 

For complete intersections, we consider a nef partition of the edges of E. That is, we 
decompose S(l) into a disjoint union U^^i'E{l)i of nonempty subsets of S(l). For each z, 
the divisor class Hi = J2vje^(i)i ^""i assumed to be nef (semi-ample), which means that 



Hi ■ C > for all curves C. To this data, one can associate mirror families of Calabi-Yau 
complete intersections of codimension k. The k hypersurfaces comprising the complete 
intersection are to lie in the respective divisor classes Hi. 

Put N = N®W.^ and let M be the dual lattice, with iVR (Mr) defined in the obvious 
way. Put Vj = {vj,ei) G N whenever Vj G Let 

a = lR>oM, . . . , vk, (0, ei), . . . , (0, Cfc)) C Nn- (3.9) 

Here the are the standard basis elements of 2^^. 
Consider the dual cone 

^ = {yeMn\{x,y)>Oy xea}. (3.10) 

One can again find a nef partition in M for which application of the preceding construction 
yields a. One supposes that the two families of complete intersections so obtained are 
mirror families. 

As in the previous subsection, one can associate monomials to certain points of cr fl iV 
and a n M respectively. 

Example. Let us consider P^[2,4] which was first studied in the context of mirror sym- 
metry in ||2^, (see also |]2^). By (|3.2| ), may be realized as the toric variety asso- 



ciated to the fan with edges spanned by the vectors (— 1, — 1, — 1, — 1, — 1), (1,0,0,0,0), 
(0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1). We take xo, . . .,X5 as homogeneous 
coordinates on P^. The edges given above correspond to the hyperplanes xq = 0, . . . , = 
0. 

We choose a nef partition by dividing the set of edges into two subsets — the first two 
and the last four. This corresponds to the choice of quadric and quartic hypersurfaces 
comprising the complete intersection. 

The cone a is spanned by the vectors 

(-1,-1,-1,-1,-1,1,0) (1,0,0,0,0,1,0) (0,1,0,0,0,0,1) 

(0,0,1,0,0,0,1) (0,0,0,1,0,0,1) (0,0,0,0,1,0,1) (3.11) 

(0,0,0,0,0,1,0) (0,0,0,0,0,0,1) 

The dual cone a is similarly associated to the mirror manifold. The edges of a are computed 

to be 

(-1, 0, 0, 0, 0, 1, 0) (1, 0, 0, 0, 0, 1, 0) (-1, 2, 0, 0, 0, 1, 0) 

(-1, 0, 2, 0, 0, 1, 0) (-1, 0, 0, 2, 0, 1, 0) (-1, 0, 0, 0, 2, 1, 0) 

(0,-1,-1,-1,-1,0,1) (4,-1,-1,-1,-1,0,1) (0,3,-1,-1,-1,0,1) (3.12) 

(0, -1, 3, -1, -1, 0, 1) (0, -1, -1, 3, -1, 0, 1) (0, -1, -1, -1, 3, 0, 1) 

(0,0,0,0,0,1,0) (0,0,0,0,0,0,1) 



Later, in section 3.5, we will show that the mirror family appears as a complete intersection 
in an orbifold of P^, as asserted in ^M. For now, we note how to see the monomials 



comprising the original complete intersection. The last two coordinates distinguish the 
first 6 edges from the next 6 (the last two play a separate role, and may be ignored for our 
current purposes). The first 6 edges form a 5 dimensional simplex of side 2 corresponding 
to the quadrics; the next 6 edges form a 5 dimensional simplex of side 4 corresponding to 
the quartics. 

The exact correspondence can be described as follows. The extreme vertices of the 
set of polynomials of degree 2 are the x'f; those for degree 4 are similarly the xf. They are 
naturally identified as polynomials of degree 6 (the anticanonical series of P^) by multi- 
plying all quartics by XqXi (this coming from the partition) and multiplying all quadrics 
by X2XSX4X5. This gives the following list of monomials of degree 6. 

XQX2X3X4X5 x1x2XsX4X5 X2X3X4X5 

3 3 3 

X2X^X4X^ X2X^X^XC) X2X^X4X^ 

XqX\ XqX^ XQX1X2 

4 4 4 

XqX^X^ XqX^X^ XqX'I^X:^ 

The identification with the vectors in ( |3.12| ) comes from ignoring the xq factors in ( |3.13| ), 
then shifting all remaining exponents by —1. This gives the first 5 coordinates of ( |3.12| ). 
In this way, the monomials occur naturally inside the polar polytope P° as in the hyper- 
surface case |]12[. Alternatively, one can keep all coordinates in ( p.l2| ) and use the last 
two coordinates to distinguish which factor of the complete intersection the monomial lies 
in 



T3[] . In this interpretation, we need not multiply by xqXi or by X2X3X4X5. 



It remains to relate this to the phases analysis of . Standard procedures for rewrit- 
ing toric varieties as torus quotients show that we must mod out by the C* action 
with weights (1, 1, 1, 1, 1, 1, —2, —4) (these computed by noting that the eight edges found 
in ( |3.11[ ) sum to zero after being given the above coefficients). Translating into the lan- 
guage of [p, we consider the superfields xq, . . . , X5, pi, p2 where the Xi have weight 1, pi 
has weight —2 and p2 has weight —4. Form the superpotential pif{x) + p2g{x) which has 
weight 0. Witten's phases analysis coincides with the decomposition via the secondary fan 
of the points of ( |3.11|) ; either way, there are two phases: the Calabi-Yau phase and a hybrid 
of a Calabi-Yau and a Landau- Ginzburg orbifold phase, with a gauged Landau- Ginzburg 
theory as the boundary between the two. In a more general situation there will be more 
than the (gauged) Landau- Ginzburg and the Calabi-Yau theories as well as various hybrids 
of Calabi-Yau and Landau- Ginzburg orbifold phases. In fact in the above example one can 



-14- 



show that there does not exist a Landau- Ginzburg phase. 
3.4- Transposition via toric geometry 

In this subsection we sketch the toric explanation of the transposition rule of ; for more 
details, see For convenience, we will study 4 dimensional weighted projective spaces, 
but that restriction is not essential. 

Consider the weighted projective space ^fki,k2,k3,k4,k5)^ d = ki. As we have 

seen from our earlier discussion, we can describe the family of Calabi-Yau hypersurfaces in 
terms of the Newton polyhedron P G M spanned by all monomials of degree d, translating 
the monomial Xi - ■ ■ to the origin. 

Suppose further that from among the degree d monomials in ^1ki,k2,k3,k4,k5) 
given 5 monomials mi, . . .,m^. These monomials will sometimes be identified with the 
corresponding lattice point in P. We assume that P is reflexive. Let us also assume that 
the rrii span M. Note that we do not require that the general polynomial formed from 
these 5 monomials be transverse, which would have been the case had we tried to formulate 
the theory in terms of a Landau-Ginzburg orbifold. 

From these monomials, we form the matrix A of exponents of the terms of the poly- 
nomial p = rrii (see e.g. ( p.9|) ). Recall that A is a 5 x 5 matrix with the exponents of 
each monomial in the columns of A. 

Our assumptions imply that there exists a relation between the rrii such that 

5 

^kimi = 6 (3.14) 

for some integers ki which are well-deflned up to an overall scale. Finally, we assume that 
the rrti do not all lie on the same side of any hyperplane passing through the origin. But 
this implies that the ki all have the same sign, and in particular may be chosen to all be 
positive. 

With these assumptions, our assertion is that the mirror manifold is obtained from 
the original equation by the transposition rule. That is, one transposes A to get 5 new 
monomials in P^^ k k k k )^ forms their sum to get the transposed polynomial p, takes 
an appropriate orbifold, and resolves singularities to get the mirror manifold. So far this 
is nothing new compared to the original construction of 0, since the monomials arising 
from ( |2.8| ) may be seen to give the required properties; in particular P is reflexive.lll 

In certain cases an ambiguity occurs in resolving the singularities; the model as it is defined 
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We now recall the lattice points Vi G N induced by the standard basis vectors e^. 



It turns out that P° contains the six points 0, f i, f2, fa, f4, f5 [0. To 0,Vi correspond 
monomials in the toric variety determined by P° , and one obtains a polynomial p = 
'Ylii'^i- Since the Vi are linearly dependent, with the only relation being kiVi = 0, we 
have 



PJmf«=TO[J. (3.15) 



i=l 



Here mo corresponds to and it is easy to see that all relations between the rhi are just 
powers of ( |3.15| ). 

By comparing the lattice in the toric description of IP^^^ ^^-j (see ( pJ] ) with k' 



in place of k) with (|3.14|) , we see that there is a map of fans induced from the mapping of 
lattices 

ZV(2 • k') M (3.16) 

which takes Vi to (the normal fan of P° may need to be subdivided so that the rrii span 

a cone; this amounts to a choice of phase). This gives P(P°) birationally as an orbifold of 

p4 

(fci,A;2,A;3,A;4,fc5) 

We can now observe that when referred back to P.r r r ^ via the orbifold de- 



termined by ( p.l6|) , p is just the transposed polynomial, as has been asserted earUer. To 



see this, it suffices to observe that the entries of the matrix A are obtained by adding 1 to 
the inner products of the rrii & M with the Vj G A^. Mirror symmetry switches the roles 
of the m's and the f 's, resulting in the transposition of the matrix. This will be amplified 
in the examples below. 

The final step is to verify that the group of geometric and quantum symmetries for 
the model and its mirror have the claimed order. Of course, the toric method gives the 
group explicitly. ^ The calculation is carried out by the standard toric description of the 
order of finite quotient mapping in terms of the index of a certain sublattice. An example 
will be given presently. 



in terms of the relevant quotient of the transposed polynomial is at a boundary point at which 
two components of the moduh space corresponding to two distinct Calabi-Yau manifolds meet. 
However, only one of them is the mirror to the original model | |45[ |. 

Although not stated in Q it was recently shown that the explicit quotient on the transposed 



model can be obtained from the usual transposition analysis [1C.4£]. 
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3.5. Examples 



Let us now return to the example of hypersurfaces of degree ten in IP(i,2,2,2,3)- Consider 
the monomials 

Taking these for our rrii and using the earlier conventions about coordinates for our lattices, 
we identify these with the first 5 points from (|3.6|), which we will reorder slightly: 



(-1,-1,-1,-1) (4,-1,-1,-1) (-1,4,-1,-1) 
(-1,-1,4,-1) (-1,-1,-1,2) ^^-'^^ 

These points satisfy mi + 3m2 + 3ms + 3m4 + bm^ = 0. Hence, from ( p.l4| ) and the 
subsequent discussion, the mirror is an orbifold of 333 5) [15] where we let {yi, . . . , y^) 



denote coordinates on P(-;i^ 3 3 3 5-)[15]. 

To see this more clearly, the 5 points above may be thought of as points of P C M, or 
as edges of the normal fan of P° . In the latter interpretation, these edges span a cone in 
the subdivided fan (recall that the fan gets subdivided to partially resolve singularities), 
and we can map ^^1,3,3,3,5) to it by the mapping of fans induced by the natural linear 
mapping 

ZV(2- (1,3,3,3,5)) ^ M (3.19) 

which sends the to m^, as in ( |3.16| ). Now the Vi E N may be interpreted as monomials 
on P(P°); the exponent of the variable yj in this monomial is obtained by adding 1 to 
{vi, rrij) because of the way that the mapping from P(i,3,3,3,5) has been defined (recall that 
in our coordinates, vi = (—2, —2, —2, —3)). On the other hand, {vi,mj) + 1 is also the 
exponent of Xi in the monomial rrij. Thus, the exponents of the yj are clearly given by 
the transposition rule. 

Finally, we have to check that ( |2.3| ) are fulfilled. To do so consider a one parameter 
family of deformations W = W/G where VV G lP^i,3,3,3,5)[15] is defined by 

5 5 

1=1 i=l 

and G = (Z5 : 4,1,0,0,0) x (^5 : 4,0,1,0,0). Here po is the transpose of po = x\^ + 
xix\ + X2 + X3 + X4, where po = is the mirror M. G P^i,2,2,2,3)[10] ^ (see also the 



discussion at the end of section 2.3). Following |]22|, we can desingularize this orbifold by 
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identifying singularities. Below is a list of equations of curves in the hypersurface together 
with an automorphism that fixes the curve. 



Xi 


= X2 


= 


(4,1,0,0,0) 


Xi 


= X'i 


= 


(4,0,1,0,0) 


Xi 


= X4 


= 


(4,0,0,1,0) 


Xi 


= X5 


= 


(23:1,0,0,0,2) 


X2 


= Xs 


= 


(0,1,4,0,0) 


X2 


= X4 


= 


(0,1,0,4, 0) 


X2, 


= X4 


= 


(0,0,1,4,0) 



(3.21) 



With one exception, the automorphism comes from G. For xi = x^ = 0, the automorphism 
comes from the definition of the weighted projective space. These curves intersect in the 
following collection of finite point sets. 

Xi = X2 = Xs = Xi = X2 = X4 = Xi = X2 = X5 = 

xi = xs = X4 = xi = X3 = X5 = xi = X4 = X5 = (3.22) 
X2 = X3 = 0:4 = 

In addition, the point (1,0,0,0,0) is singular, since it lies on the singular set X2 = X3 = 
X4 = and also on every member of our family p^. 

We calculate the Euler characteristic of the Calabi-Yau resolution of W as usual by 
finding the isotropy groups of the points and curves. From this, the Euler characteristic 
of the Calabi-Yau resolution can be computed to be 144, which is indeed the negative of 
the Euler characteristic of Ai. 

We want to relate (|3.20|) to the corresponding realization of W as a hypersurface in a 



toric variety given by 

5 

rui — tpdmo = . (3.23) 



i=l 



To do so we make the identifications 

Too = 2/12/22/32/42/5 , mi = 2/l°2/5 , = 2/f , i = 2, 3, 4 , m-, = yl (3.24) 



as required by the preceding discussion; note that mim\m\m\m^ = from (|3.15|) . This 
map is not well defined since the are invariant under a Z3 x ^5 action generated by 
G X (2i5 : 1, 3, 3, 3, 5) on the 2/^; rho transforms under a 2io under the group of rescalings 
of the 2/i which preserve the rrii for z 7^ 0. Thus, to make the identification 1 — 1 we have 
to consider a quotient by G x ^15. But the is already enforced by the projectivization 
in P^]^ 3 3 3 5) [15]. Hence, we are left with IP^i,3,3,3,5)[15]/G' which is the result obtained 
using the transposition argument. 
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We can also resolve singularities of W by toric geometry, subdividing the normal fan 
of P° by including new edges for all nonzero lattice points of P. By doing this, we in fact 
get more loci to blow up than given by ( p.21|) , (|3.22|) , and (1, 0, 0, 0, 0). The toric method 
suggests that the points (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1) should be 
resolved. The reconciliation of the two procedures is that the general member of does 
not contain any of these 4 points, so resolving this point in the toric 4 fold does not affect 
the Calabi-Yau threefold. 

This example illustrates that the transposition scheme can often be used independent 
of toric methods, yielding the same result. Toric methods have the advantage of being 
more general and are easier to use for those familiar with toric techniques. 

The extension to models for which one (or both) of p and p are not transverse poly- 
nomials is straightforward along the lines described above. However, we cannot compare 
with the original construction since the Landau- Ginzburg formalism does not yet extend 
to the more general picture for which toric considerations apply (see also [^B|,[]TI|). How- 



ever, we can compare the construction to more general Landau- Ginzburg theories with 
more than 5 superfields as well as to complete intersection Calabi-Yau manifolds when a 
Landau- Ginzburg description exists. We will next turn to an example of the latter kind. 
Consider the example 

2,86 



4 1 
2 



( \ - - n (3.25) 

which is a complete intersection of a quartic polynomial, f{xa) in the variables 
xi,...,X5 and another polynomial, g{xa,Xa) which is linear in the variables and 
quadratic in the P^ variables X6,X7. An example is given by the polynomials 

xt + xj+xj + xi + xj (3.26) 

and 

xiXq + X2x'^. (3.27) 
We may add these potentials to get a new potential 

p{x) — x\ -\- x\ -\- x\ -\- x\ -\- x\ -\- xiXq + X2x'^, (3.28) 

which may be interpreted as a Landau- Ginzburg potential for the Landau-Ginzburg orb- 
ifold by (^8 : 1, 1, 1, 1, 1, 4, 4). This theory is in the same moduli space as the Calabi-Yau 
theory described by the complete intersection ( |3.25| ), but in a different phase 
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We will now construct the mirror model of Ai thought of either as a complete inter- 
section or as a Landau- Ginzburg orbifold and show that these mirrors are different phases 
of the same theory. Note that for the generic complete intersection Calabi-Yau it is in 
general not possible to associate a Landau-Ginzburg potential as we have done in ( |3.28|) , 
i.e. there does not exist a Landau-Ginzburg phase and hence in the mirror moduli space 
there will not be a Landau-Ginzburg phase either 

Using the transposition technique described in section 3, we obtain the transposed 
polynomial as (recall that transposition applies for any number of fields and any central 
charge modulo certain conditions on the non- degeneracy of the superpotential 



p'^iy) = yfye + ytyi + yt + yt + vt + yl + yl (3-29) 

The corresponding Landau-Ginzburg orbifold is given in terms of a (^g : 1, 1,2,2,2,4,4) 
quotient of . In order for (|2.3| ) to hold we need to further divide by H = (24)"^; note 
that Q = Zs and G = ^8 X (^4)^ for both p/^g and p'^/^g- 

We now apply the construction of Batyrev and Borisov [|13|. The fan for x has 
edges 



(-1,-1,-1,-1,0) (1,0,0,0,0) (0,1,0,0,0) (0,0,1,0,0) 
(0,0,0,1,0) (0,0,0,0,-1) (0,0,0,0,1) 



(3.30) 



To form the complete intersection, these edges are partitioned into two sets: 

{(1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0)} (3.31) 

and 

{(-1, -1, -1, -1, 0), (0, 0, 0, 0, -1), (0, 0, 0, 0, 1)} (3.32) 

corresponding to f{xa) and g{xaiXa) respectively in ( |3.25| ). The cone is formed by ap- 
pending 1, to the edges ( ^.31| ), and appending 0, 1 to the edges ( |3.32| ). This gives 



(1, 0, 0, 0, 0, 1, 0) (0, 1, 0, 0, 0, 1, 0) (0, 0, 1, 0, 0, 1, 0) 

(0,0,0,1,0,1,0) (-1,-1,-1,-1,0,0,1) (0,0,0,0,-1,0,1) (3.33) 

(0,0,0,0,1,0,1) 

As before, we can omit the two vertices (0,0,0,0,0,1,0) and (0,0,0,0,0,0,1) for our 
immediate purposes. These edges determine an affine seven-dimensional toric variety. The 
magnitude of the determinant of the 7x7 matrix formed from these vectors is 8; this is 
identified with the (2g : (1, 1, 1, 1, 1,4,4)) of the associated Landau-Ginzburg orbifold. 
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We now calculate that the dual cone is spanned by 15 edges. These edges are spanned 
by the following 15 vectors (omitting (0, 0, 0, 0, 0, 1, 0) and (0, 0, 0, 0, 0, 0, 1)): 

(-1,-1,-1,-1,0,1,0) (3,-1,-1,-1,0,1,0) (-1,3,-1,-1,0,1,0) 

(-1, -1, 3, -1, 0, 1, 0) (-1, -1, -1, 3, 0, 1, 0) (0, 0, 0, 0, -1, 0, 1) 

(0, 0, 0, 0, 1, 0, 1) (1, 0, 0, 0, -1, 0, 1) (1, 0, 0, 0, 1, 0, 1) (3.34) 

(0, 1, 0, 0, -1, 0, 1) (0, 1, 0, 0, 1, 0, 1) (0, 0, 1, 0, -1, 0, 1) 

(0, 0, 1, 0, 1, 0, 1) (0, 0, 0, 1, -1, 0, 1) (0, 0, 0, 1, 1, 0, 1) 



According to , these edges have two interpretations: first as edges of a cone describing 
the mirror, and second, as data corresponding to monomials determining the complete 
intersection in the original variety. Let us check the latter interpretation. The last two 
coordinates partition this set into two sets: the first five and last ten. The projection of 
the first five vectors onto the first five coordinates span a 4 dimensional simplex of side 4 
(most easily seen by translating the first vertex to the origin) ; thus the convex hull of these 
may be easily identified with the quartic monomials in P^. The projection of the last 10 
onto the first five coordinates constitute a product 

{(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} X {(-1), (1)} (3.35) 

This is a product of a 4-dimensional simplex of side 1 with a one-dimensional simplex of 
side 2. The convex hull of this set is thus naturally identified with the monomials which 
are linear in P'^ and quadratic in P^. 

More interestingly, let us look at the first interpretation. We can realize the toric 
variety associated to our cone as a quotient of in a particularly nice way. We pick seven 
of our edges 

(3, -1, -1, -1, 0, 1, 0) (-1, 3, -1, -1, 0, 1, 0) (-1, -1, 3, -1, 0, 1, 0) 
(-1,-1,-1,3,0,1,0) (-1,-1,-1,-1,0,1,0) (1,0,0,0,-1,0,1) (3.36) 

(0,1,0,0,1,0,1) 

These edges have been chosen to correspond to ( p.28|) under our identifications, i.e. with 
Xi being the coordinates of the toric orbifold represented by (|3.33| ) the exponent of Xi 
in a monomial is obtained by taking the inner product of the vector from ( |3.33| ) with the 
vector from ( |3.36| ). This gives us the monomials inp, (|3.28| ). The vectors (|3.36| ) are linearly 
independent, and the 7x7 matrix that they form has determinant 512. Thus there is a 
rational map from (D^ to our toric variety which is generically 512 to 1 (the cone must be 
subdivided to allow the span of these seven edges to be a cone in the subdivided fan; this 
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corresponds to a choice of phase in the theory). Before we interpret this quotient, let us 
look at the monomials, which correspond to the original 7 edges ( |3.3C1| ). Let yi, . . . ,yr be 
coordinates on (D^. To describe the monomials in these coordinates, we repeat the above 
procedure with the difference that the exponent of yi in a monomial of the transposed 
polynomial is the inner product of the vector from (|3.36[) corresponding to yi with the 
vector from ( |3.33| ) corresponding to the monomial on the mirror. The result is the list of 
monomials 

4444422 /o 

ViVg, 2/21/7, 2/3. Va 2/5. 2/6. 2/7. (3-37) 

agreeing with the result obtained by transposition. Note also that these monomials respect 
the group of order 512 generated by x Z4, so must coincide with the quotient taken 
here. 

Finally, let us return to the Calabi-Yau hypersurfaces given by P^[2,4]. From the 
list (|3.12|) of edges of the dual cone a calculated earlier, we choose the following 6 vectors: 

(0,-1,-1,-1,-1,0,1) (4,-1,-1,-1,-1,0,1) (-1,2,0,0,0,1,0) 

(-1, 0, 2, 0, 0, 1, 0) (-1, 0, 0, 2, 0, 1, 0) (-1, 0, 0, 0, 2, 1, 0) ^^"^^^ 

The sum of the first 5 coordinates of these vectors is zero; hence there is a rational mapping 
from to the toric variety in which the mirror family is contained (recall from [|TB[ that 
the fan of this toric variety contains all of the (first 5 coordinates of) the edges). From 
this data, the description of the mirror family as a complete intersection in an orbifold of 
can be recovered. In fact, by taking inner products of ( p.38| ) with ( |3.11| ) we get the 
monomials 

2/1. 2/2. 2/3. 2/4. 2/5. 2/6. 2/32/42/52/6, 2/12/2 (3.39) 
which correspond to those used in 



4. Discussions 

Despite a fair amount of success in the construction of potential mirror pairs described in 



this article, i. e. models Ai and W for which the spectrum is flipped and (|2.3|) is fulfllled, the 
main question is still left: how do we prove the construction at the level of the conformal 
fleld theory? Recently, progress has been made in understanding the moduli space in terms 
of toric varieties; for the parts of the moduli space which can be described as toric varieties 
it was shown that the enlarged Kahler moduli space of the original manifold is isomorphic 
to the complex structure moduli space of its mirror 0. (For more details, see other 
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articles in this volume.) Although there is compelling evidence for the mirror symmetry 
constructions as reviewed above, it does not account for those parts of the moduli space 
which are not described by means of toric geometry. Also, it is still only a construction 
at the level of algebraic geometry and does not tie together the conformal field theories of 
M and W. 

Another approach is to try to understand the N = 2 Landau-Ginzburg orbifolds better 
and that way get insight into the conformal field theory to which these theories flow in 
the IR-limit. In particular properties which are independent of the renormalization group 
flow, such as the elliptic genus, have been computed. For the class of models considered 
in [H the calculation of the elliptic genus as well as the study of the ring structures [^ | 



supports the mirror symmetry conjecture between a model and a particular orbifold of its 
transpose. It would be interesting to extend this work to the remaining models for which 
the Landau-Ginzburg approach fails. 

In the context of the Landau-Ginzburg models it is worth pointing out a difference 
between the transposition construction as applied to these models and the toric technique. 
While there has to exist a geometric interpretation of the conformal field theory of choice 
for the toric geometry to apply, i.e. c G 2, this is not the case for the N = 2 field theories; 
the transposition argument applies equally well to any model. In fact this is the case 
already for mirror symmetry applied to the N = 2 minimal models. Thus, one may hope 
that the toric methods could be applied to the Landau-Ginzburg type models as well. 

Finally, recall that, as defined in ( |2.1| ), the N = 2 Landau-Ginzburg models are 
only supersymmetric and not conformally invariant. Still, all of the features we have 
relied on in classifying potential mirror pairs only rely on the properties, like the discrete 
symmetries, the spectrum and the elliptic genus, of the massive theory and not on the 
existence of a conformal fixed point. This would indicate that mirror symmetry is indeed 
a two-dimensional feature independent of any possible spacetime interpretations. 
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